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Abstract

A nonnegative continuous-state branching process becomes extinguishing if it converges to 0 but never hits 0 as
time goes to infinity. We consider a class of continuous-state nonlinear processes obtained from spectrally positive
stable like Lévy processes by Lamperti type time changes using regularly varying (at 0) rate functions, and obtain
several large time asymptotic results on the extinguishing behaviors. In particular, we show that, depending on
whether the stable index for the spectrally positive Lévy process is smaller than or equal to the regularly varying
index for the rate function, a phase transition occurs for the convergence of rescaled first passage times of levels
approaching 0. We find conditions on convergence in probability and convergence almost surely, respectively. We
also obtain integral tests on almost sure long time fluctuation of the running minimum process.

Introduction

Let Z be a spectrally positive Lévy process defined on (2, F, P) with log-Laplace exponent v, i.e. Z
1s a stochastic process with stationary independent increments and with no negative jumps, and for
A >0,
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where the Laplace exponent
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for o-finite Lévy measure 7 satisfying [, (z A 2?)m(dz) < oo. In this paper we only consider process
Z that 1s not a subordinator.

Let I be a positive locally bounded function on (0, oo) satisfying inf,~ s R(x) > 0 for any § > 0.
For

7, =inf{t > 0: 7 < b}

with the convention inf () = oo, let
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and 7! be the right continuous inverse of 7. Define X; := Zp-1(p) forall t € [0,7(7;")) and Xt := 0

for all t € [n(7, ),00). Process X is the so-called continuous-state nonlinear branching process with
branching mechanism described by 1) and branching rate function R, which was first introduced in
L1 [3] where the rate function is a power function. Intuitively, it 1s a generalized continuous-state
branching process whose branching rate depends on the current population size, and consequently,
it does not have the additive branching property in general. But it remains a Markov process as the
time change of a Lévy process. Process X with R(x) = x reduces to the classical continuous-state
branching process that has been well studied.

The nonlinear branching mechanism allows more interesting behaviors for the process. In particu-
lar, the boundary classification and the associated asymptotic behaviors have been investigated for the
continuous-state nonlinear branching processes. The coming down from infinity behaviors for such
continuous-state nonlinear branching processes are studied in Foucart et al. [1]. The explosion behav-
iors for the continuous-state nonlinear branching processes are studied in L1 and Zhou [2]. In these
two papers, by analyzing the weighted occupation time for process 7, the speeds of coming down
from infinity and explosion are 1dentified respectively for rate function R that is either a perturbation
of the power function or a perturbation of the exponential function and for process Z that either drifts
to infinity or is stable like.

In this paper we continue to investigate the extinguishing behaviors for continuous-state nonlinear
branching processes. For any b > 0 write

T, = inf{t > 0: Xy < b}
with the convention inf ) = co. Let WW(x) be the scale function of the associated spectrally negative

Lévy process —Z; 1.e.
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where ®(0) := sup{A > 0:¢(\) =0} and &(0) = 0if EZ; < 0.

Main results

To 1nvestigate the extinguishing behaviors for continuous-state nonlinear branching processes,
throughout this paper we always assume that

e the spectrally positive Lévy process Z does not drift to oo, 1.e. £Z7 < 0.

Given 1 < a < 2 and # > «, we need some of the following assumptions for the main results.
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for positive functions /1(y) and I5(y) on (0, o0) such that both functions are slowly varying at 0+,
l1(y) is locally bounded away from 0 and is either slowly varying at oo or uniformly bounded away
from O for y near oo, and [5(y) is either slowly varying at co or uniformly bounded away from oo
for y near oo.

o for § = « and for the same functions /1 (y) and [>(y) in (2) we assume that
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Proposition 0.1. Suppose that (2) holds for 0 > . Then under P, for any x > 0, process X becomes

extinguishing with probability one, and as b — 0+, - ; ) converges in distribution to some random
variable S, g whose Laplace transform is given by
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We prove a convergence in probability result for 7, /m(x,b) as b — 0+ for the critical case
1 < a =60 < 2. To this end, we further need the following condition concerning W (y) for large
values of y. For z > 0 and some a > 0,

W) =Wy —=z),  [CW(z)-W(z-—y)
/a R0) dy/a R(2) dz < o0. (5)

Observe that ma(z, a) < co under condition (5), which holds if [ > %dy < 00.

Theorem 0.2. Given 1 < o = 0 < 2 and x > 0, suppose that both (2) and (3) hold, and (5) holds.
Then process X becomes extinguishing with probability one under P,.. Moreover, ms(x,b) < oo for
any x > b > (),
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Theorem 0.3. Under the condition of Proposition 0.2, if there exists a decreasing sequence (z;.) such
that z;. — 0+ as k — oo, and in addition,
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Proposition 0.4. Under the condition of Proposition 0.2, we have

Vary(T;) < (¢ /b | le(é);dz) ! (C/b | 5121(3 )
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for constants ¢ > 0 and c* = | -

1
dx > 0.

Further Research

We will consider the case £EZ; > 0. If £EZ; > 0, continuous-state nonlinear processes may explode
or extinct, we focus on the case that the process extinct.
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